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Abstract. In this paper, we present a high performance computational electrome-
chanical model of the heart, coupling between electrical activation and mechan-
ical deformation and running efficiently in up to thousands of processors. The
electrical potential propagation is modelled by FitzHugh-Nagumo or Fenton-
Karma models, with fiber orientation. The mechanical deformation is treated us-
ing anisotropic hyper-elastic materials in a total Lagrangian formulation. Several
material models are assessed, such as models based on biaxial tests on excised
myocardium or orthotropic formulations. Coupling is treated using the Cross-
Bridges model of Peterson. The scheme is implemented in Alya, which run sim-
ulations in parallel with almost linear scalability in a wide range computer sizes,
up to thousands of processors. The computational model is assessed through sev-
eral tests, including those to evaluate its parallel performance.
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1 Introduction

This paper continues previous works in Cardiac Computational Mechanics [1–6] that
progressively go from Electrophysiology models in simple geometries up to coupled
Electromechanical models for subject-specific geometries running in large scale paral-
lel computers. Our objective is not to develop physiological models themselves but to
develop computational tools to simulate these complex processes. By “computational
tools” it should be understood from the numerical method up to the computer code,
including parallelization techniques, ending up in a parallel simulation framework to be
used by bio-engineers and medical researchers.

2 The Computational Model

At the organ level, the heart can be described as a Physical system with three mechanical
problems: electrical propagation, mechanical deformation and blood flow, coupled in
volume (electrical-mechanical) and in surface (mechanical-blood) (Figure 1). In this
paper we describe electromechanical simulations, replacing real flow simulation by a
simplified Windkessel-like pressure prescription at the epicardium. We next describe
the two problems solved and the strategy to couple them togheter.
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Fig. 1. Description of the heart as a mechanical system (left) and contracting heart, coloured by
thepropagating excitation potential.

2.1 Electrophysiology

The basic form of the electrical activation potentialsφα propagation equation is1:

∂φα

∂t
=

∂

∂xi

(

Dij

∂φα

∂xj

)

+ L(φα). (1)

Latin subindicescounts the space dimension of the problem. Greek subindices counts
the number of activation potentials involved, beingα = 1 for monodomain models and
α = 1, 2 for bidomain ones, extracellular and intracellular. The equation’s right hand
side represents the transient macroscopical model, based in the well knowncontinuum
cable equation. The diffusion term is governed by the diffusion tensorDij . The equa-
tion is set in a fixed reference frame andDij must describe the cable (i.e. cardiac tissue
fibers) orientation in the fixed reference frame. Then,Dij can be written as

Dij = C−1

ik Dloc

lk Clj , (2)

whereClk is the base change matrix from the local fiber-aligned reference frame(ai, c
1
i , c

2
i )

(i.e. one axial vector and two crosswise ones) to the global reference frame.Dloc

lk is the
local diagonal diffusion matrix, whose diagonal components are the axial and cross-
wise fiber diffusions.L(φα) is a reaction non-linear local term. We present results for
FitzHugh-Nagumo and Fenton-Karma models.

2.2 Mechanical Deformation

The local form of the linear momentum balance, to be solved using a Lagrangian (solid
mechanics) FEM formulation, is written as

ρo
∂2ui

∂t2
=

∂PiJ

∂XJ

+ ρoBi, (3)

1 Einsteinconvention on repeated indexes is used.
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which in its weak form is
∫

Ωo

Φρo
∂2ui

∂t2
= −

∫

Ωo

∂Φ

∂xJ

PiJ +

∫

∂Ωo

NJPiJΦ+

∫

Ωo

ΦρoBi (4)

for each space dimensioni. PiJ , the nominal stress or first Piola-Kirchoff stress tensor,
depends on the second Piola-Kirchoff stress tensorSIJ . Depending on the model, it
includes active and passive stresses and a volumetric correction. We present results for
a transversally isotropic law, based on Lin-Yin [7] and an orthotropic law based on
Holzapfel and Ogden [8].

2.3 Coupling

Most of the EC coupling formulation use the assumption that active stress (T) is gen-
erated along the muscle fiber direction. Then, the total Cauchy stress is expressed by
[10]:

σ = σpassive + T (λ, [Ca2+])f ⊗ f (5)

wheref is a unit vector align with the fiber in the current configuration. Ifλf is the
muscle fiber stretch andf0 is the fiber in the reference configuration, it can be expressed
by:

λff = Ff0 (6)

The muscle fiber stretch is defined by the ratio of the current length over the initial
length of the sarcomere (1.9µm). Hunteret al. [11] suggest a simple model based on
steady state data at different constant level of activation and extension ratio (see also [8,
12]):

T =
[Ca2+]n

[Ca2+]n + Cn
50

Tmax(1 + β(λf − 1)) (7)

whereC50 is the value of the intracellular calcium concentration for 50% ofTmax,n is a
coefficient controlling the shape of the curve andTmax is the maximum isometric active
tensile stress developed atλf = 1. Experiments shows thatTmax is a linear function of
λ with β being the non-dimensional slopedT/dλ [11]. This parameter represents the
dependency of the force on the sarcomere length. The force increases with the stretch
of the fiber, since the number of overlapping myosin/actine bending site increases. The
fluctuation of the free calcium ions concentration follows this relation:

[Ca2+](t) = [Ca2+]max(t/τCa)exp(−t/τCa) (8)

2.4 Parallelization

The simulation models presented here are implemented in the Alya System, conceived
for simulating complex computational mechanics problems in parallel. Alya is designed
from scratch to take profit of parallel architectures with two premises: programming
flexibility and parallel efficiency. In order to have an efficient algorithm to run on thou-
sands of processors, some important aspects of the parallelization must be carefully
treated: mesh partitioning, node numbering and communication scheduling. These is-
sues will be discussed at the conference presentation.
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3 Conclusions

Wepresent a high performance computational electromechanical model of the heart that
includes coupling between electrical activation and mechanical deformation, capable of
running efficiently in up to thousands of processors meshes of millions of elements. The
computational model is assessed through several numerical tests for different electro-
physiology, mechanical and coupling models.
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